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Let A=[a1 , a2 , ...]N and put A(n)=ain 1. We say that A is a P-set if no
element ai divides the sum of two larger elements. It is proved that for every P-set
A with pairwise co-prime elements the inequality A(n)<2n23 holds for infinitely
many n # N.  2001 Academic Press
1. INTRODUCTION
Let A=[a1 , a2 , ...] be a subset of positive integers, where the elements
ai are in ascending order. We say that A is a P-set if no element ai divides
the sum of two larger elements, or equivalently, if there are no solutions in
A to any of the equations
x+ y=kz, k=1, 2... (1)
with x, y>z. Erdo s and Sa rko zy [2] (see also [1]) proved that every
P-set A satisfies
A(n)=o(n), (2)
where A(n)=ain 1. (If one replaces the condition x, y>z by x{z,
y{z then (2) becomes a simple consequence of a well-known result of
Roth [4].) Furthermore, they showed [2] that (2) cannot be substituted
by any effective bound, however, they conjectured that there exists a positive
constant c such that
A(n)<n1&c,
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for infinitely many n # N. Observe that c<12 is impossible. Indeed, following
[2], consider the set S=[ p21 , p
2
2 , ...], where pi denotes the i th prime
congruent to 3 modulo 4. Clearly, S is a P-set, and
S(n)=(1+o(1))((n2 ln n))12.
The aim of this note is to solve the problem of Erdo s and Sa rko zy, but
under the additional assumption that the elements of A are pairwise
relatively prime. We prove that for such a P-set A the inequality
A(n)<2n23
holds for infinitely many n # N.
2. UPPER BOUND
Our argument is based on the large sieve (see [3]). Let us formulate it
in a simpler, for our purpose more convenient form.
Lemma 1. Let A[1, ..., N], and write
SA(:)= :
a # A
e2?ia:. (3)
Then for any Q2
:
qQ
:
(r, q)=1
1rq
|SA(rq)|2(Q2+N ) |A|. (4)
For given finite subsets of integers A1 , A2 and q # N define
{q(A1 , A2) :=|[(a, a$): a # A1 , a$ # A2 and a+a$#0 (mod q]| ,
and
{(A1 , A2) := :
q # A1
{q(A1 , A2).
We will also need the following auxiliary fact.
Lemma 2. Let A1 and A2 be subsets of [1, ..., N], where N # N. Then for
any fixed =>0
{(A1 , A2)=O=(N = |A1 | |A2 | ).
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Proof. For an integer n denote by _(n) the number of representations
of n as a sum a+a$, a # A1 , a$ # A2 , and let d(n) stand for the number of
natural divisors of n. Clearly, the contribution of n, 1n2N, to the sum
{(A1 , A2) does not exceed _(n) d(n). Indeed, there are at most d(n) representa-
tions n=kq, q # A1 , and there are exactly _(n) ways to write n=a+a$, where
a # A1 , a$ # A2 . Since for any fixed =>0 we have d(n)=O=(n=) (see [6]),
{(A1 , A2) :
2N
n=1
_(n) d(n)
O= \N = :
2N
n=1
_(n)+
=O=(N = |A1 | |A2 | ),
as desired. K
Now we can state our main result.
Theorem. Let A=[a1 , a2 , ...] be a P-set such that (ai , aj)=1, for all
1i< j. Then
A(n)<2n23, (5)
for infinitely many n # N.
Proof. Let A be a P-set such that all its elements are pairwise relatively
prime, and suppose that there are only finitely many integers n satisfying (5).
Thus
A(n)2n23, (6)
for every n>n0 . Put
A1 :=A & [Q] and A2 :=A & [N],
where Q=WN12X>n0 .
Note that for any natural q, one has
:
q&1
r=0
S 2A2(rq)= :
q&1
r=0
:
a, a$ # A2
e2?i(a+a$) rq
=q |[(a, a$): a, a$ # A2 and a+a$#0(mod q]|, (7)
where the function SA2 is defined by (3). Since A is a P-set, it follows that
ai+aj 0 (mod ak),
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provided ai , aj>ak . Thus, assuming q # A1 , from (7) and the definition of
{q(A1 , A2), one can deduce that
:
q&1
r=0
S 2A2(rq)2q {q(A1 , A2).
Further, separating the leading term SA2(0)=|A2 |, we get
|A2 |
2&2q {q(A1 , A2) } :
q&1
r=1
S 2A2(rq) }
 :
q&1
r=1
|SA2(rq)|
2,
and consequently
|A1 | |A2 |
2&2Q {(A1 , A2) :
q # A1
:
q&1
r=1
|SA2(rq)|
2. (8)
In view of Lemma 2, we have
|A1 | ( |A2 |
2&O(QN17 |A2 | )) :
q # A1
:
q&1
r=1
|SA2(rq)|
2. (9)
Since elements of A are pairwise relatively prime,
[rq : q # A1 , 1rq&1][rq : 1qQ, 1rq, and (r, q)=1],
so that
:
q # A1
:
r=q&1
r=0
|SA2(rq)|
2 :
qQ
:
(r, q)=1
1rq
|SA2(rq)|
2.
Comparing (9) and (4), one obtains
|A1 | ( |A2 |
2&O(QN 17 |A2 | ))(Q2+N ) |A2 |.
By (6), we have |A2 |
2&O(QN17 |A2 | )>2 |A2 |23, for N sufficiently large,
so that from the definition of Q it follows that
A(N )=|A2 |
4N
|A1 |
=
4N
A(WN 12X)
<2N23,
a contradiction, which completes the proof. K
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Remarks. Notice that, by the example of Erdo s and Sa rko zy mentioned
in the introduction, the constant 23 in the Theorem cannot be substituteded
by 12&=, for any fixed =>0.
It is not difficult to see that our theorem holds also for sets A without
solutions to any of the equations
x+ y=kz, kk0 .
Actually, k0 can even be a function of z.
Moreover, our assumption (ai , aj)=1, for all distinct ai , aj # A can be
replaced by different restrictions, but an upper bound of type (5) will be
weaker. To do this, instead of Lemma 1 one should apply a theorem of
Sa rko zy [5].
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